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ANGLE-RIGIDITY FOR Z2 CONFIGURATIONS
LAURENT BE´TERMIN, MANUEL FRIEDRICH, AND ULISSE STEFANELLI
Abstract. Three-dimensional configurations are called angle-rigid if they cannot be
deformed without changing distances between first neighbors or angles formed by
pairs of first neighbors. This notion is connected with the local minimality of collec-
tions of points with respect to configurational energies featuring two- and three-body
interactions.
We investigate angle-rigidity for finite configurations in Z2, seen as planar three-
dimensional point sets. A sufficient condition preventing angle-rigidity is presented.
This condition is also proved to be necessary when restricted to specific subclasses of
configurations.
1. Introduction
A framework is a finite collection of points in Euclidean space and a selection of
straight segments joining them, called bonds. A framework is called (globally) rigid
if the only continuous deformations of the points preserving the lengths of all bonds
are the isometries [29]. This concept is related to rigidity in graph theory [4], where
a graph is called rigid if all its frameworks, i.e., realizations in Euclidean space with
points corresponding to vertices and bonds to edges, are rigid in the above sense. The
identification of rigid graphs is a classical combinatorial problem. Rigid graphs are
completely characterized in dimension two [20]. By contrast, in three or more dimensions
a characterization is still not available [22], although classes of three-dimensional rigid
graphs have been investigated [16, 33]. From the computational viewpoint, checking the
rigidity of a graph has been proved to be a NP-hard problem [1]. In fact, rigidity of a
framework is a global property, for it is easy to find examples where it can be affected
by adding or removing a single bond.
In addition to bond lengths, angles formed by adjacent bonds may also be considered.
Correspondingly, frameworks are called angle-rigid if their only continuous deformations
preserving bond lengths as well as angles between adjacent bonds are just isometries.
Of course, all rigid frameworks are angle-rigid, whereas the converse is obviously not
true (consider for instance a square). Moreover, all planar frameworks are angle-rigid,
implying that this concept is truly relevant in three and higher dimensions. Frameworks
which are not angle-rigid are called angle-flexible.
Rigidity under angle preservation has recently attracted attention. Applications arise
from interacting systems of agents, as in robotics and traffic flow [3, 25]. Note that the
term angle-rigid has already been used in [8], although in a slightly different, planar
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context. See also [7, 17, 13, 14, 26, 30] for some other results in the plane, where an-
gles come into play. Our main motivation, however, comes from Molecular Mechanics
[21, 27]. Here, a framework corresponds to atomic positions and chemical bonds in a
molecular system. The tenet of Molecular Mechanics is that molecular structures and
their physical properties can be determined by analyzing their configurational energy, a
function of atomic positions, often featuring two- and three-body energy contributions.
These in turn are functions of bond lengths and angles. The stability of a molecular ge-
ometry are then related to local minimality of the corresponding configurational energy
[12].
Angle-flexibility prevents strict local minimality of the configurational energy, for
such an energy cannot distinguish among configurations having the same bond lengths
and angles. In other words, an angle-flexible minimizer can be deformed continuously
without affecting the energy. This instance has indeed molecular-mechanical relevance,
for the occurrence of different molecular geometries having same bond lengths and
angles is not uncommon and is usually referred to as conformational isomerism. Butane
(C4H10) is a classical example featuring more possible conformal isomers [2]. We make
this discussion on angle-flexibility and strict local minimality precise in Section 3.
The focus of this paper is to present some discussion of angle-rigidity for three dimen-
sional configurations. The general problem being presently out of reach, we restrict our
attention to a specific class of frameworks, inspired by crystallization [5], see Figure 1.
These are given as finite collections of points in Z2 × {0}, with bonds corresponding to
Figure 1. A Z2 configuration
first neighbors. As such, frameworks are completely determined by point positions, see
Section 2.
We analyze angle-rigidity for such frameworks. In particular, we advance the sufficient
condition (4) for angle-flexibility, which amounts in checking the connectedness of the
framework after removal of specific points on axes and requires just O(n lnn) operations,
where n is the number of points. Compared with the NP-hard complexity of the rigidity
check in three dimensions, the verification of this condition is polynomially complex only.
It turns out, however, that the sufficient condition (4) is in general not necessary.
Still, it actually characterizes angle-flexibility when restricted to particular classes of
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configurations. We call such classes foldings and shear-resistant configurations, referring
to the specific nature of nonisometric deformations that they may undergo without
changing bond lengths and angles. Such classes are discussed in Sections 5 and 6,
respectively.
Note that these two classes do not cover all configurations: there are angle-flexible
configurations which are neither foldings nor shear-resistant. On the other hand, every
angle-rigid configurations is shear-resistant and thus covered by the characterization
(see also Figure 6).
2. Definition of angle-rigid configurations
This section is devoted to introducing some notation, leading to the Definition 2.1 of
angle-rigidity.
In all of the following, we consider a restricted class of frameworks, which are com-
pletely characterized by the position of their points: to each configuration C = {xk}nk=1
of n points in R3, we associate the bonds given by segments joining pairs of points
having distance smaller than 1 + 2ε, for some given 0 < ε ≤ (√2−1)/4. More precisely,
we associate to C the set of neighbors by defining the pairs
N(C) = {(xk,xk′) ∈ C × C : |xk − xk′ | ≤ 1 + 2ε}, (1)
see [15] for another use of this concept in connection with graph rigidity. Note that each
pair of neighbors is counted twice in N(C). If (xk,xk′) ∈ N(C), we call the straight
segment joining xk and xk′ a bond and we say that the two points are bonded. Bonds
are hence identified with pairs (xk,xk′) ∈ N(C), up to permutations. Under this iden-
tification, each configuration C is uniquely associated with the framework (C,N(C)).
For the sake of notational simplicity, we will hence solely refer to configurations in the
following.
We also indicate adjacent bonds by defining the set of triplets of neighbors in C as
T (C) = {(xk,xk′ ,xk′′) ∈ C × C × C : (xk,xk′), (xk′ ,xk′′) ∈ N(C), xk 6= xk′′}.
To each triplet (xk,xk′ ,xk′′) ∈ T (C), we uniquely associate the angle θ(xk,xk′ ,xk′′)
formed by the vectors xk − xk′ and xk′′ − xk′ and oriented clockwise. Note that
θ(xk,xk′ ,xk′′) + θ(xk′′ ,xk′ ,xk) = 2pi.
The collection of all bonds of a configuration C will be called bond structure. A
collection of pairwise disjoint points (x1, . . . ,xm) in C is called a path if (xi,xi+1) ∈
N(C) for i = 1, . . . ,m − 1. Moreover, we say (x1, . . . ,xm) is a cycle if it is a path
and (xm,x1) ∈ N(C). By the Jordan curve theorem, each planar cycle partitions its
support plane naturally into an interior and an exterior. We say that a configuration C
is connected if each two points of C can be connected by a path. In a similar fashion,
we define connected components of configurations.
We interpret Z2 as a proper subset of R3, namely,
Z2 = {(i, j, 0) : i, j ∈ Z}.
In order to shorten notations, whenever possible we refer to points in Z2 by specifying
their first two integer coordinates only. We call axes the subsets of Z2 of the form
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{i}×Z or Z×{j}, for some i, j ∈ Z. Subsets C = {xk}nk=1 of n points in Z2 (indicated
as C ∈ Z2n in the following) are called Z2 configurations, see Figure 1. In view of
(1), the bond structure of each Z2 configuration has the property that bonds intersect
each other only at their endpoints. Denoting by B ⊂ R2 the union of the bonds, i.e.,
the union of the line segments between xk and xk′ for (xk,xk′) ∈ N(C), we call the
bounded connected components of the open set R2 \B the faces of C. For each face f ,
we call the points in C on the boundary of the face a cell. More precisely, given f , we
define Z = ∂f ∩ C, and write f(Z) to highlight that f(Z) is the face associated to the
cell Z. The collection of all cells of C is denoted by Z(C). Note that in general each
point may be contained in different cells.
We call a continuous mapping ϕ : [0, 1]× C → R3n, (t,x) 7→ ϕt(x), a (small) defor-
mation of C if ϕ0(C) = C and
max
t∈[0,1]
max
k=1,...,n
|xk −ϕt(xk)| < ε.
Here, the fact that ε ≤ (√2 − 1)/4 and (1) ensure that for each small deformation ϕ
we have that N(ϕt(C)) = N(C) and T (ϕt(C)) = T (C) for all t ∈ [0, 1]. Namely, the
topology of the bond structure of C and that of ϕt(C) is the same for all t ∈ [0, 1]. We
say that a small deformation is nontrivial if each ϕt : C → R3n for t ∈ (0, 1] is not an
isometry.
Definition 2.1 (Angle-rigid and angle-flexible configuration). We say that a configura-
tion C ∈ Z2n is angle-rigid if there exists no nontrivial small deformation of C leaving
bond lengths and angles unchanged. Precisely, if ϕ is a small deformation of C fulfilling
for all t ∈ [0, 1]
|ϕt(xk)−ϕt(xk′)| = 1 ∀(xk,xk′) ∈ N(C), (2)
θ(ϕt(xk),ϕt(xk′),ϕt(xk′′)) = θ(xk,xk′ ,xk′′) ∀(xk,xk′ ,xk′′) ∈ T (C), (3)
then ϕt is necessarily the identity, up to isometries, namely, ϕt(x) = x for all x ∈ C
and all t ∈ [0, 1]. A small deformation ϕ fulfilling (2)-(3) for all t ∈ [0, 1] is called
angle-preserving. A configuration which is not angle-rigid is called angle-flexible.
As already mentioned in the Introduction, angle-preserving deformations ϕ that keep
the points coplanar are trivial. Therefore, nontrivial angle-preserving deformations
necessarily have a nonplanar image. The focus of the forthcoming Sections 4–7 is to
discuss a sufficient and a conditional necessary condition for angle-rigidity which can be
checked with limited computational effort.
3. Strict local minimality and angle-rigidity
Before moving to the investigation of angle-rigidity for Z2 configurations, we comment
here on the relation of angle-rigidity and the local minimality properties of configura-
tions. To each general collection of n points C = {xk}nk=1 ∈ R3n we associate the
configurational energy E : R3n → [0,+∞] given by
E(C) = E2(C) + E3(C) :=
1
2
∑
N(C)
v2(|xk−xk′ |) + 1
2
∑
T (C)
v3(θ(xk,xk′ ,xk′′)).
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The configurational energy is the sum of a two-body term E2, depending solely on the
mutual distance of the points, and a three-body contribution E3 depending on angles
instead. The two-body interaction density v2 : [0,∞)→ [0,+∞] is assumed to be strictly
minimized at the reference distance 1 with v2(1) = 0. The three-body interaction energy
E3 is modulated via the three-body interaction density v3 : [0, 2pi] → [0,∞) which we
assume to be symmetric around pi and to attain its minimal value 0 just at pi/2, pi, and
3pi/2. Note that the factors 1/2 account for double counting of neighbors and angles.
Without claiming completeness, the reader is referred to the seminal papers [6, 31, 32]
for the discussion of empirical potentials including three-body contributions and to
[9, 10, 11, 23, 24] for some related mathematical crystallization results. The reader is
also referred to [18, 19, 34] for a collection of graph-theoretical results of relevance in
Molecular Mechanics.
We observe that all Z2 configurations C are global minimizers of the energy as E(C) =
0. For us, the relevant question is whether configurations are strict local minimizers or
not. (Here, local minimality is understood with respect to the Euclidean norm in R3n.)
The relation of strict local minimality and angle-rigidity is given by the following.
Proposition 3.1 (Angle-rigidity = strict local minimality). A configuration is a strict
local minimizer for the energy E iff it is angle-rigid.
Proof. Let C = {xk}nk=1 ∈ Z2n be angle-rigid and let C˜t = ϕt(C) ∈ R3n for t ∈ [0, 1],
where ϕ is a nontrivial small deformation of C. Since C is angle-rigid and ϕ is nontrivial,
C˜t and C are not isometric for each t ∈ (0, 1]. Thus, there exists (xk,xk′) ∈ N(C) with
|ϕt(xk)−ϕt(xk′)| 6= 1
or there exists (xk,xk′ ,xk′′) ∈ T (C) with
θ(ϕt(xk),ϕt(xk′),ϕt(xk′′)) 6∈ {pi/2, pi, 3pi/2}
(or both). In all cases, E(C˜t) > 0 = E(C) for each t ∈ (0, 1], which proves that C is a
strict local minimizer.
Let now C be angle-flexible. Then there exists a nontrivial angle-preserving defor-
mation ϕ of C. By defining C˜t = ϕt(C) for t ∈ [0, 1] we have that E(C˜t) = E(C) for
all t ∈ [0, 1] and C˜t → C as t→ 0. Thus, C is not a strict local minimizer. 
4. Sufficient condition
All disconnected configurations are obviously angle-flexible. We will hence concen-
trate on connected configurations from now on. Checking angle-rigidity for connected
configurations directly from the definition may be very demanding. We are thus inter-
ested in reducing the complexity of the problem by presenting a more tractable condition
implying angle-flexibility. The main result of this section is the following.
Proposition 4.1 (Sufficient condition). Let C ∈ Z2n be connected and fulfill the fol-
lowing condition:
there exists an axis A such that, by removing from C all points on A having
at most one neighbor off A, the resulting configuration is disconnected. (4)
6 L. BE´TERMIN, M. FRIEDRICH, AND U. STEFANELLI
Then, C is angle-flexible.
Proof. Let C be connected and fulfill (4). Call C˜ the configuration obtained by removing
all points of C belonging to A and having at most one neighbor off A. Fix a connected
component C1 ⊂ C˜ of C˜. Then, C1 and C˜ \ C1 are disconnected. Let R(t) represent
a rotation around the axis A of amplitude tρ, with ρ ∈ (0, pi/2) small, and define the
mapping ϕ : [0, 1]× C → R3n as
ϕt(x) =
{
R(t)(x) if x ∈ C1
x if x ∈ C \ C1.
As C1 and C˜ \ C1 are disconnected, the map ϕ fulfills (2)–(3) when restricted to C˜.
We aim at showing that, by reintegrating the points in C \ C˜ which were removed
under condition (4), relations (2)–(3) still hold. As ϕ is nontrivial, this will show that
C is angle-flexible. We proceed sequentially, by adding one point at a time. To this aim,
assume to be given a configuration Ĉ with C˜ ⊂ Ĉ ⊂ C such that (2)–(3) hold for Ĉ
but Ĉ 6= C. Without loss of generality, we let A = Z× {0} and (0, 0) ∈ C \ Ĉ. We now
check that, by adding the point (0, 0) to Ĉ, properties (2)–(3) still hold true. To prove
this, we need to check that the new bonds and new angles that have to be included
by considering the extra point (0, 0) are still invariant under ϕt. Such new bonds and
angles are determined by the pairs and the triplets
N ′ := N(Ĉ ∪ (0, 0)) \N(Ĉ) and T ′ := T (Ĉ ∪ (0, 0)) \ T (Ĉ),
respectively.
In view of condition (4), as (0, 0) 6∈ C˜, we have that at least one of the points (0, 1)
and (0,−1) does not belong to C, and thus does not belong to Ĉ. In case both do not
belong to Ĉ, the new bonds N ′ are necessarily aligned with A, namely
N ′ ⊂ {((0, 0), (1, 0)), ((1, 0), (0, 0)), ((0, 0), (−1, 0)), ((−1, 0), (0, 0))}. (5)
Since ϕt is the identity on A, we have that |ϕt(xk)−ϕt(xk′)| = 1 for all (xk,xk′) ∈ N ′
and all t ∈ [0, 1] as well. As regards triplets, we have that
(xk,xk′ ,xk′′) ∈ T ′ ⇒ at least two out of {xk,xk′ ,xk′′} belong to A. (6)
As ϕt is the identity on A and either the identity or a rotation about A out of A,
one has that θ(ϕt(xk),ϕt(xk′),ϕt(xk′′)) = θ(xk,xk′ ,xk′′) for all (xk,xk′ ,xk′′) ∈ T ′. In
particular, ϕt fulfills properties (2)–(3) on Ĉ ∪ (0, 0) for all t ∈ [0, 1].
Let us now consider the case (0, 1) ∈ Ĉ (the remaining case (0,−1) ∈ Ĉ can be treated
analogously). Here, all bonds in N ′ are either aligned with A as in (5), or orthogonal to
A. In both cases, as ϕt is the identity on A and either the identity or a rotation about
A out of A, one has that |ϕt(xk)−ϕt(xk′)| = 1 for all (xk,xk′) ∈ N ′ and all t ∈ [0, 1] as
well. Those triplets in T ′ containing at least two points on A can be treated as before,
see (6). We are just left to consider the triplets of the form(
(0, 0), (0, 1), (0, 2)
)
,
(
(0, 0), (0, 1), (1, 1)
)
,
(
(0, 0), (0, 1), (−1, 1)),
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(and permutations (xk,xk′ ,xk′′) 7→ (xk′′ ,xk′ ,xk)), if at all included in T ′. Let us
assume that ((0, 0), (0, 1), (1, 1)) ∈ T ′. Then, ((0, 1), (1, 1)) ∈ N(C), implying that (0, 1)
and (1, 1) belong to the same connected component of C˜. In case (0, 1), (1, 1) ∈ C˜ \C1
we have that ϕt is the identity on (0, 0), (0, 1), and (1, 1). In case (0, 1), (1, 1) ∈ C1 we
have that ϕt is a rotation about A on (0, 0), (0, 1), and (1, 1). In both cases, ϕt is an
isometry on (0, 0), (0, 1), and (1, 1), implying that
θ(ϕt(0, 0),ϕt(0, 1),ϕt(1, 1)) = θ((0, 0), (0, 1), (1, 1)).
An analogous argument applies to ((0, 0), (0, 1), (0, 2)) and ((0, 0), (0, 1), (−1, 1)). Thus,
we have proved that θ(ϕt(xk),ϕt(xk′),ϕt(xk′′)) = θ(xk,xk′ ,xk′′) for all (xk,xk′ ,xk′′) ∈
T ′. Eventually, also in case (0, 1) ∈ Ĉ, the map ϕt fulfills properties (2)–(3) on Ĉ∪(0, 0)
for all t ∈ [0, 1].
In summary, we have shown that the map ϕt fulfills properties (2)–(3) on Ĉ∪(0, 0) ⊂
C for all t ∈ [0, 1]. In case Ĉ ∪ (0, 0) 6= C, we repeat the argument by adding a point
from C \(Ĉ∪(0, 0)) to Ĉ∪(0, 0), making sure that ϕ preserves properties (2)–(3). Since
the number of points in C is finite, this procedure eventually terminates, proving that
ϕ fulfills (2)–(3) on C. As ϕ is nontrivial, this proves that C is angle-flexible. 
Checking condition (4) for some general configuration C ∈ Z2n can be accomplished
very efficiently. Indeed, one has to consider all axes intersecting C (at most 2n), remove
points according to (4), and check for connectedness of the resulting configuration. The
latter requires O(lnn) operations [28]. This entails that checking condition (4) requires
at most O(n lnn) operations.
Let us point out that the sufficient condition (4) is not necessary for angle-flexibility,
as the example in Figure 2 shows. The remainder of the paper is hence devoted to study
the necessity of (4) when restricted to specific subclasses of configurations.
Figure 2. An angle-flexible configuration not fulfilling (4). A nontriv-
ial angle-preserving deformation ϕ is given by ϕt(x) = x at the boundary
of the shaded region and ϕt(x) = x + (0, 1 − cos t, sin t) elsewhere, for
t ∈ [0, 1].
5. Necessary condition: foldings F
As mentioned, condition (4) is in general not necessary for angle-flexibility. Inspired
by the proof of Proposition 4.1, in this section we present a first class of configurations
where necessity actually holds. This is the class of foldings F , defined as follows.
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Definition 5.1 (Folding). We say that a configuration C ∈ Z2n is a folding, and we
write C ∈ F , if there exists an axis A and a subconfiguration C˜ ⊂ C such that both
C˜ \A and (C \C˜)\A are not empty and, letting R(t) be a rotation about A of amplitude
tρ with ρ ∈ (0, pi/2) small, the deformation ϕ : [0, 1]× C → R3n defined as
ϕt(x) =
{
R(t)(x) if x ∈ C˜
x if x ∈ C \ C˜
is angle-preserving, i.e., fulfills (2)–(3) for all t ∈ [0, 1].
Of course, all foldings are angle-flexible since the deformation ϕ from Definition 5.1
is nontrivial and angle-preserving. The main result of this section is the following.
Proposition 5.2 (Characterization). C ∈ F ⇔ (4) holds.
Proof. The implication (4) ⇒ C ∈ F has already been shown in the proof of Proposi-
tion 4.1, so that one just needs to check the converse implication.
Consider C ∈ F . Let A and C˜ be the axis and the subconfiguration from Defini-
tion 5.1. Without loss of generality, possibly by changing coordinates, we can assume
that A = Z× {0}.
For all t ∈ (0, 1] fixed, the mapping ϕt from Definition 5.1 does not preserve the
length of bonds which connect points in C˜ and C \ C˜ and do not intersect the axis A.
This implies that C˜ and C \ C˜ are connected just through bonds intersecting A.
We would like to prove that condition (4) holds with this same axis A. In order to
do this, we shall prove that by removing from C all points on A having at most one
neighbor off A, the resulting configuration Ĉ is disconnected.
Assume by contradiction that Ĉ is connected. The two sets C˜ \ A and (C \ C˜) \ A
are nonempty and disjoint. Take a path in Ĉ connecting a point in C˜ \A to a point in
(C \ C˜) \A. As we have already seen that such path should contain bonds intersecting
A, with no loss of generality, again by possibly redefining coordinates, we can find a
path of the form
{(0, 1), (0, 0), . . . , (k, 0), (k,±1)} ⊂ Ĉ
where k ∈ N ∪ {0} is given, (0, 1) ∈ C˜ and (k,±1) ∈ C \ C˜ (here, it is intended that
either (k, 1) or (k,−1) belong to the path, and that for k = 0 it is necessarily (0,−1)).
As all points (0, 0), . . . , (k, 0) belong to Ĉ after the removal described in (4), one has
that all points (0,±1), . . . , (k,±1) belong to C as well. We first consider the case that
(k, 1) ∈ C \ C˜ is contained in the path. Then, as (0, 1) ∈ C˜, we find 0 ≤ l ≤ k − 1 such
that (l, 1) ∈ C˜ and (l + 1, 1) ∈ C \ C˜. Hence, we have that
|ϕt(l, 1)−ϕt(l + 1, 1)| = |R(t)(l, 1)− (l + 1, 1)| > 1
contradicting (2). On the contrary, suppose that (k,−1) ∈ C \ C˜ is contained in the
path. If (k, 1) ∈ C \ C˜, we find a contradiction as before. Thus, we can assume that
(k, 1) ∈ C˜. But then
θ
(
ϕt(k, 1),ϕt(k, 0),ϕt(k,−1)
)
= θ
(
R(t)(k, 1), (k, 0), (k,−1)) 6= pi
ANGLE-RIGIDITY FOR Z2 CONFIGURATIONS 9
contradicting (3). We conclude that Ĉ is necessarily disconnected and thus condition
(4) holds. 
6. Necessary condition: shear-resistant configurations Sk
The necessity of condition (4) for angle-flexibility is not restricted to foldings. In this
section, we discuss another class of configurations whose angle-rigidity can be charac-
terized via (4). These will be called k-shear-resistant, in coordination with an integer
k ∈ N0 := N ∪ {0}, and will be denoted by Sk.
Recall that, to each connected configuration C ∈ Z2n, we can associate its bond
structure. In particular, from Section 2 we recall the definition of the cells Z ∈ Z(C)
of a configuration C, and the corresponding faces f(Z).
We start by noting that acyclic bonds of a cell may influence angle-flexibility. More
precisely, a configuration with acyclic bonds may be angle-flexible but become angle-
rigid, when all acyclic bonds are removed, see the examples in Figure 3.
(a)
x
(b)
x
(c)
x
Figure 3. Illustration of angle-flexible configurations. Configurations
(a)-(b) get angle-rigid when acyclic bonds within the cells are removed,
whereas configuration (c) remains angle-flexible.
In fact, the influence of acyclic bonds on angle-flexibility can be completely character-
ized in terms of the class F , i.e., by condition (4). With reference to Figure 3, we have
that: (a) If acyclic bonds do not lie on an axis A, condition (4) holds for this axis A,
and the configuration is angle-flexible; (b) If acyclic bonds are aligned on an axis and x
has only one bond on this axis, condition (4) holds for the horizontal axis containing the
atom x; (c) If x has two bonds on the axis, the angle-rigidity of the configuration is not
affected by removing the acyclic bonds. Note that (a)–(c) exhaust all possibilities (up
to multiple connected components of acyclic bonds). As we eventually aim at assessing
if a configuration lies in F ∪ Sk, we hence simplify the presentation from now on and
assume with no further mention that all cells contain no acyclic bonds.
Let d denote the classical Manhattan distance in Z2, namely
d(x,y) = |x1 − y1|+ |x2 − y2|
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for x = (x1, x2), y = (y1, y2) ∈ Z2. Moreover, let d(x, A) = infy∈A d(x,y) for x ∈ Z2
and A ⊂ Z2 nonempty.
Given the cell Z ∈ Z(C) and k ∈ N0, we define the corresponding k-cell Z(k) by
Z(k) := {x ∈ C | d(x, Z) ≤ k}.
For each k ∈ N0, the collection of all k-cells Z(k) for Z ∈ Z(C) is denoted by Z(k)(C).
Note that Z = Z(0), so that cells are also called 0-cells in the following.
Four points x1,x2,x3,x4 ∈ Z2 are said to form a paraxial rectangle if they are vertices
of a rectangle in Z2 with sides aligned to axes in Z2: namely, if x1,x2,x3,x4 can be
obtained by translating via z ∈ Z2 the points
(0, 0), (a, 0), (0, b), (a, b) for some a, b ∈ N.
We are now ready to define k-shear-resistant configurations.
Definition 6.1 (k-shear-resistant configurations). Let C ∈ Z2n be connected and let
k ∈ N0.
(i) We say that a cell Z ∈ Z(C) is k-shear-resistant if, letting Z(k) ∈ Z(k)(C) be the
corresponding k-cell, each angle-preserving deformation ϕ : [0, 1]× Z(k) → R3#Z(k) has
the following property: if two pairs (xi,xi′), (xj ,xj′) ∈ N(Z) of pairwise distinct points
form a paraxial rectangle whose interior lies entirely in f(Z), then
ϕt(xi),ϕt(xi′),ϕt(xj),ϕt(xj′)
are coplanar for all t ∈ [0, 1].
(ii) We say that the configuration C is k-shear-resistant, and we write C ∈ Sk, if all
its cells are k-shear-resistant.
The above definition implies that Sk ⊂ Sk′ if k ≤ k′, for the set of nontrivial angle-
preserving deformations of Z(k) decreases when k increases. Moreover, every angle-rigid
configuration consisting of n points lies in Sn. In Figure 4 we present examples of
configurations not belonging to S0, respectively belonging to S0, S1 \ S0, and S2 \ S1.
C1 6∈ S0 C2 6∈ S0 C3 ∈ S0 C4 ∈ S1 \ S0
Z
C5 ∈ S2 \ S1
Zˆ
Figure 4. Examples of configurations which are (not) shear-resistant,
cf. Section 7 below.
Following the discussion of Figure 2, one has that the configuration C2 in Figure 4 is
not 0-shear-resistant. Also C1 in Figure 4 is not 0-shear-resistant. Indeed, there exist
nontrivial angle-preserving deformations of C1 and C2 making the marked paraxial
rectangles nonplanar. We will give a complete characterization of 0-shear-resistant
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configurations in Propositions 7.1 and 7.3 later on, which will imply in particular that
C3 in Figure 4 is 0-shear-resistant.
Cell Z of configuration C4 in Figure 4 is again C2, hence not 0-shear-resistant. As
a consequence, C4 is not 0-shear-resistant. On the other hand, when considering C4 =
Z(1) the marked paraxial rectangle is forced to stay coplanar for any angle-preserving
deformation. This in particular implies that C4 ∈ S1.
In the case of configuration C5 in Figure 4, one has that the top cell Zˆ is not 0-shear-
resistant. Any of its nontrivial angle-preserving deformations cannot keep the marked
paraxial rectangle coplanar. Such transformations are not precluded by considering
Zˆ(1) since by passing from Zˆ to Zˆ(1) the configuration is only augmented by acyclic
bonds. Thus, C5 is not 1-shear-resistant as well. On the other hand, C5 = Zˆ
(2) cannot
be deformed nontrivially preserving the coplanarity of the marked paraxial rectangle.
Hence, C5 ∈ S2 \ S1.
Configuration C1 in Figure (4) is an example of a configuration which is not k-shear-
resistant for any k ∈ N0 (in fact it is the smallest configuration not in S0). Indeed, we
have that (C1)
(k) = C1 for all k ∈ N, as it consists of a single cell, so that no additional
angle-rigidity can follow by taking k large. Note that the property of not belonging to
Sk for any k ∈ N0 does not necessarily imply that the configuration is small. Indeed,
Figure 5 below shows that configurations which are not k-shear-resistant for any k ∈ N0
can be arbitrarily large.
f2
f1
Figure 5. Example of a configuration C 6∈ Sk for all k ∈ N0. Indeed,
the faces f2 are 1-shear-resistant, but f1 is not k-shear-resistant for all
k ∈ N0. (The corresponding nontrivial deformation is the one indicated
by the colors: leave the points in the red region in R2 × {0} and move
the points in the blue region to R2 × {δ} for some small δ > 0.) The
configuration extends the example provided in Figure 2.
The focus of this section is that of proving that condition (4) indeed characterizes
angle-rigidity in Sk. More precisely, we have the following.
Proposition 6.2 (Necessary condition, shear-resistance). Let C ∈ Sk for some k ∈ N0,
and be angle-flexible. Then, condition (4) holds. As such, C ∈ F .
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Let us mention that the Sk assumption in Proposition 6.2 cannot be removed. In
fact, Figures 2 and 5 give examples of angle-flexible configurations which do not fulfill
(4).
Proof of Proposition 6.2. We start by pointing out an aspect of Definition 6.1. Given
any cycle in the bond structure of a k-shear-resistant configuration C, and four different
points xi,xi′ ,xj ,xj′ with (xi,xi′), (xj ,xj′) ∈ N(C) which form a paraxial rectangle
whose interior is contained in the interior of the cycle, then
ϕt(xi),ϕt(xi′),ϕt(xj),ϕt(xj′) are coplanar, (7)
for all t ∈ [0, 1] and each angle-preserving deformation ϕ. In fact, if this were not the
case, we would find a cell in the interior of the cycle which is not k-shear-resistant.
As C is angle-flexible, we find a nontrivial angle-preserving deformation ϕ. In particu-
lar, the points ϕ1(C) ⊂ R3 are not coplanar as deformations ϕ keeping the points copla-
nar are necessarily trivial. As C is connected, we can hence find a path (x1, . . . ,xm) ⊂ C
such that such that {ϕ1(xi)}m−1i=2 are all contained in a line, but {ϕ1(xi)}mi=1 are not
coplanar. Without restriction we can choose the number m minimal, i.e., for all paths
of length at most (m − 1) the images under ϕ1 are coplanar. Moreover, with no loss
of generality, by possibly changing coordinates we can assume that ϕ1(xi) = xi for all
i = 1 . . . ,m− 1, {xi}m−1i=2 are contained in the axis Z× {0}, x1 = (0, 1), and
xm ∈ {(m− 3, 1), (m− 3,−1)}. (8)
We also note that ϕ(xm) ∈ {m− 3} ×R2. The minimality of m implies that all points
{xi}m−2i=3 do not have neighbors off the axis Z× {0}. Indeed, such a neighbor, the axis
Z×{0}, and one of the points x1 or xm would not remain coplanar by the mapping ϕ1
and one could hence find a shorter noncoplanar path.
We now suppose by contradiction that condition (4) does not hold, i.e., the configu-
ration C˜ obtained by removing all points of C belonging to Z×{0} and having at most
one neighbor off Z×{0} is still connected. Therefore, there exists a path in C˜, denoted
by P , connecting x1 and xm. Note that the points {xi}m−2i=3 are not contained in C˜ as
they do not have neighbors off axis. Consequently, there exists a cycle S in C, being
a subset of the points P ∪ {xi}m−1i=2 . We now argue that it is not restrictive to assume
that x1 and xm are contained in the cycle S or in the interior of the cycle S. In fact,
at least one of the points x1 = (0, 1) and (0,−1) is contained in the cycle S or in the
interior of the cycle S. If only (0,−1) satisfies this property, this necessarily implies
that (0, 0) ∈ P and therefore (0,−1) ∈ C by (4). Thus, we can simply replace x1 by
(0,−1) in the path P observing that ϕ1(0,−1) = (0,−1) by property (3). In a similar
fashion, by possibly reflecting xn along R × {0} we can suppose that xm is contained
in the cycle S or in the interior of the cycle S.
We now distinguish two cases: (a) xm = (m−3, 1) and (b) xm = (m−3,−1), cf. (8).
In case (a), the points x1,x2,xm−1,xm form a paraxial rectangle whose interior is
contained in the interior of S. (Recall that x1 = (0, 1) and x2 = (0, 0).) Then, (7) im-
plies that ϕ1(x1),ϕ1(x2),ϕ1(xm−1),ϕ1(xm) are coplanar. This, however, contradicts
our choice of the path (x1, . . . ,xm).
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Consider now case (b). We first observe that the path P in C˜ connecting x1 and xm
needs to cross the axis Z × {0}, i.e., we find x¯ ∈ (Z × {0}) ∩ P . We observe that it is
not restrictive to suppose that also
x¯+ (0, 1) ∈ P, x¯− (0, 1) ∈ P. (9)
In fact, consider the smallest subpath (xˆ1, . . . , xˆl) of P ⊂ C˜ containing x¯ such that
xˆ1 ∈ Z × {−1}, {xˆi}l−1i=2 ⊂ Z × {0}, and xˆl ∈ Z × {1}. Then, by the definition of C˜
we have that {xˆi + (0, 1)}l−1i=2 ⊂ C˜ and {xˆi − (0, 1)}l−1i=2 ⊂ C˜. This means that we can
connect xˆ1 and xˆl with a path in C˜ which contains only one point of the axis Z× {0}.
By replacing the part (xˆ1, . . . , xˆl) of P by this new path, we obtain the desired property
(9).
Define x¯′ = x¯ − (0, 1) and x¯′′ = x¯ + (0, 1) for brevity, and recall that x¯′, x¯′′ ∈ P by
(9). In view of (3), we get that the points ϕ1(x¯),ϕ1(x¯
′),ϕ1(x¯′′) are aligned. Moreover,
as x1,x2, x¯, x¯
′′ form a paraxial rectangle whose interior is contained in the interior of
the cycle S, we find that ϕ1(x1),ϕ1(x2),ϕ1(x¯),ϕ1(x¯
′′) are also coplanar by (7). In a
similar fashion, xm−1,xm, x¯, x¯′ form a paraxial rectangle contained in the interior of
cycle S, and thus ϕ1(xm−1),ϕ1(xm),ϕ1(x¯),ϕ1(x¯′) are coplanar. This entails that also
{ϕ1(xi)}mi=1 are coplanar which clearly contradicts our choice of the path (x1, . . . ,xm).
This concludes the proof. 
We close this discussion by summarizing the results of Sections 4–6 in the following
statement.
Corollary 6.3 (Necessary and sufficient condition). For C ∈ F ∪ Sk for some k ∈ N0
we have that C is angle-flexible iff condition (4) holds.
Note that F ∪Sk does not exhaust all possible configurations. More precisely, the sit-
uation is depicted in Figure 6 below: as k grows, Sk covers all angle-rigid configurations
and all angle-flexible configurations in Sk belong to F (Proposition 6.2). There exist
angle-flexible configurations which are not in F (see Figure 2), as well as configurations
in F (hence angle-flexible by definition) that are not in Sk for any k ∈ N0 (see left-most
configuration in Figure 4).
angle-rigid angle-flexible
S0S1Sk F
Figure 6. The classes F (dashed) and Sk (solid) in relation with angle-rigidity.
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7. Characterization of 0-shear-resistant cells
Within the class F ∪Sk, Corollary 6.3 reduces the problem of assessing angle-rigidity
to that of verifying condition (4), at a cost of O(n lnn) operations. Therefore, we are
interested in checking if a configuration C ∈ Z2n lies in F ∪Sk. As C ∈ F is equivalent
to condition (4) by Proposition 5.2, one is hence left to assess if there exists k ∈ N0 such
that C ∈ Sk.
To check if C ∈ Sk can still be very demanding from an computational viewpoint.
Consider again the example in Figure 5, where the configuration does not belong to Sk
for any k ∈ N0 (and indeed is angle-flexible). Adding a bonded point on the top of the
rightmost line makes the rightmost cell with face f2 rigid. This augmented configuration
turns out to belong to Sk for some k ∈ N.
This in particular entails that, in general, belonging to class Sk is a global property,
requiring the analysis of the whole configuration.
The focus of this section is on the class S0. This is special, for we are able to
present complete characterizations based on localized arguments, hence at a limited
computational cost.
We start by introducing some notation. Let a cell Z ∈ Z(C) be given. Referring to
the discussion at the beginning of Section 6, we suppose that Z does not contain acyclic
bonds. Therefore, the boundary of its face f(Z) is a (simple) polygon. We denote
the points of the cell by {p1, . . . ,pm} with |pi − pi+1| = 1 for i = 1, . . . ,m, where we
understand the indices modulo m, if necessary. Note that the points are not necessarily
pairwise different. We say that a cell is simple if |pi−pj | > 1 for all i, j with |i− j| ≥ 2.
We refer to Figure 7 for examples of nonsimple cells. In case that Z is not simple, the
bond structure of Z is delimited by a minimal polygon of points of Z, which we call
the outer polygon. Correspondingly, the points of Z in the outer polygon itself form
a cell, which we call the outer cell, denoted by Zout. Up to a negligible set, the set
f(Zout) \ f(Z) is the union of faces corresponding to other cells of the bond structure.
These cells are called the inner cells corresponding to Z and their collection is indicated
by IZ . For simple cells Z, we have Z = Zout and IZ = ∅. Note that Zout and IZ are
simple cells.
We denote the vertices of the the polygon ∂f(Z) by {v1, . . . ,vn} for some n ∈ 2N,
ordered counterclockwise. (Here, n is unrelated to the number of points in a con-
figuration.) We understand the indices modulo n, if necessary. Clearly, we have
{v1, . . . ,vn} ⊂ {p1, . . . ,pm}, where in general the inclusion is strict. We decompose
the set of the vertices of the polygon into the right- and left-set
I1,+(Z) = {vi : vi+1 − vi ∈ N(1, 0)}, I1,−(Z) = {vi : vi+1 − vi ∈ N(−1, 0)}
and the up- and down-set
I2,+(Z) = {vi : vi+1 − vi ∈ N(0, 1)}, I2,−(Z) = {vi : vi+1 − vi ∈ N(0,−1)}.
Note that we necessarily have that Ij,±(Z) ≥ 1 for j = 1, 2.
With the aim of proving a characterization of 0-shear-resistant cells, we address the
case of simple cells first.
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Z
Z1
Z2
Z3
Z4
Z
Z1
Figure 7. Examples of nonsimple cells. Here, f(Z) is shaded and Zi ∈
IZ are inner cells.
Proposition 7.1 (Characterization of 0-shear-resistance, simple cells). A simple cell Z
is 0-shear-resistant iff min{#I1,+(Z),#I1,−(Z)} = min{#I2,+(Z),#I2,−(Z)} = 1.
For the proof of Proposition 7.1, we will make use of the elementary geometrical
construction described in the following lemma.
Lemma 7.2 (Geometric construction). Let y1,y2,y3,y4 ∈ {0} × R × {0} be given.
Suppose that the second components of these vectors satisfy
(a) y12 < y
4
2 ≤ y22 < y32 or (b) y12 ≤ y32 < y42 ≤ y22.
Then, for t > 0 small, there exist y˜3t , y˜
4
t ∈ {0} × R2 with y˜3t 6= y3, y˜4t 6= y4, y˜3t → y3,
and y˜4t → y4 as t→ 0 such that
|y1 − y˜4t | = |y1 − y4|, |y2 − y˜3t | = |y2 − y3|, and |y˜3t − y˜4t | = |y3 − y4|. (10)
Proof. For simplicity, we only prove case (a). Case (b) follows along similar lines with a
different notational realization. Given t > 0, let y˜4t = y
4 + (0, s(t), t) with t 7→ s(t) < 0
such that |y1 − y˜4t | = |y1 − y4| holds (note that necessarily s(t) = O(t2)). As a next
step, we let y˜3t = (0, x
t
2, x
t
3) where x
t
3 solves
y22 +
√
|y2 − y3|2 − (xt3)2 = y42 + s(t) +
√
|y3 − y4|2 − (xt3 − t)2 (11)
and xt2 is defined by
xt2 = y
2
2 +
√
|y2 − y3|2 − (xt3)2.
Note that the above positions entail that |y2− y˜3t | = |y2−y3| and |y˜3t − y˜4t | = |y3−y4|.
By checking that xt3 = O(t) as t→ 0 we hence obtain the assertion.
One is therefore left to prove that equation (11) has at least one solution xt3 with
xt3 = O(t). An elementary albeit tedious computation allows to rewrite (11) as
2txt3 = g(x
t
3) := t
2 + s2 + 2(b+ s)(b− a) + 2(a− b− s)
√
b2 − (xt3)2, (12)
16 L. BE´TERMIN, M. FRIEDRICH, AND U. STEFANELLI
where we have used the shorthand notation a := |y3 − y4|, b = |y2 − y3|, and s = s(t).
Recall that a ≥ b by assumption and that s < 0.
If a > b, we obtain g(0) > 0 and g(b) < 0 for t (and thus s) sufficiently small.
Therefore, by the Intermediate Value Theorem applied to the continuous function x 7→
−2tx+ g(x) we find xt3 ∈ (0, b) such that (12) holds. By observing that g is maximized
at x = 0, since max g = g(0) = O(t2 + s2 + s) = O(t2), we also get xt3 = O(t).
If a = b, we find g(0) > 0 and 2bt > g(b) = t2 + s2 for t sufficiently small. Hence, also
in this case (12) has a solution xt3 with x
t
3 = O(t). 
Having prepared the approximation tool of Lemma 7.2, we can now proceed to the
proof of Proposition 7.1.
Proof of Proposition 7.1. Suppose that Z is simple. Assume first that
min{#I1,+,#I1,−} = min{#I2,+,#I2,−} = 1.
(Here and in the sequel, we drop ’(Z)’ from the notation for simplicity.) We want
to prove that Z is 0-shear-resistant. After rotation, reflection, and relabeling of the
vertices, it is not restrictive to suppose that v1 ∈ I1,+, v2 ∈ I2,+, v1+2i ∈ I1,− for
i = 1, . . . , n/2− 1, and v2+2i ∈ I2,− for i = 1, . . . , n/2− 1, see Figure 8.
v1 = vn+1 v2
v3v4
v1+2i
v2+2i
vn
Figure 8. The points vi.
Let ϕ be an angle-preserving deformation on Z. We may assume without restriction
that ϕt(v
i) = vi for i = 1, 2, 3. Recalling the identification vn+1 = v1 this particularly
implies that |ϕt(v3) − ϕt(vn+1)| = |v3 − vn+1| for all t ∈ [0, 1]. As v1+2i ∈ I1,− for
i = 1, . . . , n/2 − 1 and v2+2i ∈ I2,− for i = 1, . . . , n/2 − 1, this is only possible if the
points {ϕt(vi)}n+1i=3 are coplanar for all t ∈ [0, 1]. By using (3) for (vn,v1,v2) and
(v2,v3,v4) this yields that {ϕt(vi)}n+1i=3 are contained in Z2 × {0}, and therefore ϕt is
the identity for all t ∈ [0, 1]. This proves the validity of Condition (i) of Definition 6.1,
so that Z is 0-shear resistant.
We now address the reverse implication by a contradiction argument: we suppose
that min{#I2,+,#I2,−} ≥ 2 and we show that Z is not 0-shear-resistant (the case
min{#I1,+,#I1,−} ≥ 2 is analogous). Up to a cyclic relabeling of the vertices, we
can reduce the problem to the following two different cases: we have {x1, . . . ,x4} with
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xi = vm(i) for i = 1, . . . , 4, where m : {1, . . . , 4} → {1, . . . , n} is strictly increasing, such
that one of the following two cases hold
(a) x1,x2 ∈ I2,+ and x3,x4 ∈ I2,− with x12 < x22 < x32 and x12 < x42 < x32, (13)
(b) x1,x3 ∈ I2,+ and x2,x4 ∈ I2,− with x12 ≤ x32 < x22 and x32 < x42, (14)
see Figure 9.
x1
x2
x3
x4
(a)
x1
x2
x3
x4
(b)
Figure 9. The two cases from (13)–(14). The shaded region is the
paraxial rectangle mentioned in the proof.
We treat case (a) first. After reflection of the cell along the x2-axis, we may suppose
that x42 ≤ x22. We denote the orthogonal projection of xi onto {0} × R × {0} by yi
and note that y12 < y
4
2 ≤ y22 < y32. We apply Lemma 7.2(a) and obtain two points
y˜3t , y˜
4
t ∈ {0} × R2 for t > 0 small such that (10) holds. By R23t we denote the rotation
in R3 with axis parallel to the x1-axis which leaves x2 unchanged and moves x3 to
x3 + y˜3t − y3t . By R34t we denote the rotation in R3 with axis parallel to the x1-axis
which moves x3 to x3 + y˜3t − y3 and moves x4 to x4 + y˜4t − y4. Finally, by R14t we
denote the rotation in R3 with axis parallel to the x1-axis which leaves x1 unchanged
and moves x4 to x4 + y˜4t − y4. Note that these isometries exist due to (10). For each
t ∈ [0, 1], we now define ϕt on the vertices {v1, . . . ,vn} by
ϕt(v
i) =

vi if m(1) ≤ i ≤ m(2),
R23t (v
i) if m(2) ≤ i ≤ m(3),
R34t (v
i) if m(3) ≤ i ≤ m(4),
R14t (v
i) if m(4) ≤ i ≤ m(1).
(15)
(Note that the definition is consistent for i = m(j) for j = 1, . . . , 4.) This mapping
can be naturally extended to the points {p1, . . . ,pm} of the cell Z: given a point
pj /∈ {v1, . . . ,vn} lying on the segment between vi and vi+1, we set ϕt(pj) = Rt(pj),
where Rt denotes the isometry under which both v
i and vi+1 are moved (i.e., the identity
or R23t , R
34
t , R
14
t ). By construction we can check that ϕ is angle-preserving. Indeed, we
observe that all bonds of Z only join consecutive points pi and pi+1, i = 1, . . . ,m, since
Z is simple. Then, the fact that the mappings R23t , R
34
t , and R
14
t are isometries implies
(2). In order to check (3), we additionally use that the isometries are actually rotations
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about axes parallel to the x1-axis and all bonds of Z are of course either parallel or
orthogonal to x1. Moreover, since R
14
t is not the identity, we find that the condition in
Definition 6.1(i) is violated for at least one paraxial rectangle (shaded region in Figure
9 left).
The case (b) is very similar and we only indicate the necessary adaptations. After
reflection of the cell along the x2-axis, we may suppose that x
4
1 ≤ x21. As before,
we indicate by yi the orthogonal projection of xi onto {0} × R × {0} and note that
y12 ≤ y32 < y42 ≤ y22. We now apply Lemma 7.2(b) and argue similarly as before to define
ϕt. 
We now proceed with the characterization of 0-shear-resistance for general cells, i.e.,
for possibly not simple cells. To this end, recall the notions introduced at the beginning
of Section 7.
Proposition 7.3 (Characterization of 0-shear-resistance). A cell Z ∈ Z(C) is 0-shear-
resistant if and only if
Z /∈ F and
min{#I1,+(Z ′),#I1,−(Z ′)} = min{#I2,+(Z ′),#I2,−(Z ′)} = 1 ∀Z ′ ∈ {Zout} ∪ IZ .
Proof. We start with a preliminary observation. Consider a cell in Z ′ ∈ {Zout} ∪ IZ .
Then, each cell Z˜ ∈ {Zout} ∪ IZ with Z˜ 6= Z ′ and Z ′ ∩ Z˜ 6= ∅ shares at most one bond
with Z ′. Consequently, for each connected component Ĉ of Z \ Z ′ there is at least one
and at most two points in Z ′ connected by a bond in Z to Ĉ. (If there are two points,
these stay at distance 1.) This directly comes from the definition of IZ and Zout. In
fact, Z ∪IZ corresponds to a partition of f(Zout), where no extra points are added and
all segments in the bond structure which are not contained in ∂f(Z) have length 1, see
Figure 7.
We now start with the actual proof. Assume first that Z /∈ F and
min{#I1,+(Z ′),#I1,−(Z ′)} = min{#I2,+(Z ′),#I2,−(Z ′)} = 1 ∀Z ′ ∈ {Zout} ∪ IZ .
Our goal is to show that Z is 0-shear-resistant. To this end, let ϕ be an angle-preserving
deformation of Z. As each cell in {Zout} ∪ IZ is simple, Proposition 7.1 yields that the
points of each cell in {Zout} ∪ IZ remain coplanar under ϕt for all t ∈ [0, 1]. Moreover,
for each Z ′ ∈ IZ and each x ∈ Z ′, we find a path (q1, . . . , ql) in Z connecting x with a
point y ∈ Zout such that, whenever qi−1 ∈ Z˜ ′ \ Z˜ ′′, qi ∈ Z˜ ′ ∩ Z˜ ′′, and qi+1 ∈ Z˜ ′′ \ Z˜ ′
for two cells Z˜ ′, Z˜ ′′ ∈ {Zout} ∪ IZ , then qi+1 − qi = qi − qi−1. In fact, otherwise
we would necessarily find an axis such that (4) holds. Here, we use the preliminary
observation that each cell Z˜ ′ contains at most two points which are bonded to the
connected component Ĉ of Z \ Z˜ ′ with Zout \ Z˜ ′ ⊂ Ĉ, where, if two points exist, they
have distance 1 and thus lie on one axis. This property, however, contradicts Z /∈ F
and Proposition 5.2. This can be visualized in Figure 7, left. Take Z˜ ′ = Z3, Z˜ ′′ = Z4
and let qi be any of the two points in Z3 ∩ Z4. Then, qi+1 − qi 6= qi − qi−1. Indeed,
(4) holds for the axis given by Z3 ∩ Z4, and the configuration turns out to be a folding
around this axis.
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Now consider some qi ∈ Z˜ ′∩Z˜ ′′ as above. Since qi+1−qi = qi−qi−1, (3) and the fact
that the points of each of the two cells Z˜ ′ and Z˜ ′′ remain coplanar under ϕt, t ∈ [0, 1],
imply that the points in Z˜ ′ ∪ Z˜ ′′ remain coplanar under ϕt. A successive application of
this argument yields that the points in Zout ∪ Z ′ remain coplanar under ϕt for every
Z ′ ∈ IZ and all t ∈ [0, 1]. Eventually, this shows that all points of Z remain coplanar
under ϕt for all t ∈ [0, 1], and thus Z is 0-shear-resistant.
We now address the reverse implication: to this end, we first suppose that there exists
Z ′ ∈ {Zout} ∪ IZ such that
min{#I1,+(Z ′),#I1,−(Z ′)} > 1 or min{#I2,+(Z ′),#I2,−(Z ′)} > 1.
As Z ′ is simple, we can apply Proposition 7.3 to find a nontrivial angle-preserving
deformation ϕ˜ of Z ′ such that the condition in Definition 6.1(i) is violated. It now
suffices to check that ϕ˜ can be extended to an angle-preserving deformation of Z. To
this end, denote the points of Z ′ by {p1, . . . ,pm}, and fix a connected component Ĉ of
Z \Z ′. In view of our preliminary observation, we need to address two cases: (a) there is
exactly one point pi ∈ Z ′ bonded to Ĉ and (b) there are exactly two consecutive points
pi,pi+1 ∈ Z ′ bonded to Ĉ. In case (a), the three points pi−1,pi,pi+1 are contained in
two lines and thus moved by the same isometry under ϕ˜t, see the construction in (15).
We denote this isometry by Rt and set ϕt(x) = Rt(x) for all x ∈ Ĉ and all t ∈ [0, 1]. In
case (b), the four points pi−1,pi,pi+1,pi+2 are contained in two lines and thus, as before,
they are moved by a single isometry Rt under ϕ˜t. We again set ϕt(x) = Rt(x) for all
x ∈ Ĉ and all t ∈ [0, 1]. This construction leads to an angle-preserving deformation ϕ
defined on Z, which coincides with ϕ˜ on Z ′. This shows that Z is not 0-shear-resistant.
It remains to address the case
Z ∈ F and min{#I1,+(Z ′),#I1,−(Z ′)} = min{#I2,+(Z ′),#I2,−(Z ′)} = 1
for all Z ′ ∈ {Zout} ∪ IZ . In this case, by Proposition 5.2 we find a nontrivial angle-
preserving deformation ϕ of Z of the form indicated in Definition 5.1. Now, we need to
check that the condition in Definition 6.1(i) is violated for at least one paraxial rectangle.
In fact, by Proposition 7.1 we get that all points of Zout are coplanar under ϕ1. On the
other hand, by construction there necessarily is a bond of Z in the open region f(Zout)
which does not remain coplanar to Zout under ϕ1. Therefore, there exists a paraxial
rectangle in Z which does not remain coplanar under ϕ1. 
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